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We discuss the zero mass pointlike solutions and charged Einstein-Rosen bridges (wormholes) that
arise from the dyonic black hole solution of the Einstein-Maxwell-dilaton theory. These massless
black holes exist individually in spacetime, different from the known massless solutions, which come
in pairs with opposite signs for their masses. In order to construct a massless object, we choose the
integration constants of the solution to have specific values. The massless solutions present some
problems: in one case the dilaton field is complex (or the gauge field has negative kinetic energy),
and in the other case the solution has negative entropy and temperature or it is naked singularity in
the extremal limit. For the first case, the observables computed are real quantities. This massless
solution also allow the bridge construction, and we obtain an analytical and static charged wormhole
solution, which satisfies the null energy condition.
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I. INTRODUCTION
Zero mass black holes called a lot of attention after
Strominger proposed that they were needed to explain
the conifold singularities in the low energy theory de-
scribing the moduli space of Calabi-Yau vacua of type
II string theory [1]. Black holes in string theory with
zero ADM mass exist [2–5]. These ones are solutions to
the low energy effective theory, but their relation to the
massless black holes proposed by Strominger is still un-
clear, since the latter arise at the conifold singularities,
exactly when the low energy theory is singular and the
semiclassical description breaks down.
The solution in [2] is stable, since they have the min-
imal mass allowed by supersymmetry. All the others
[3–6] are actually obtained by considering composite su-
persymmetric pairs (or several pairs) of extremal black
holes with masses with ”opposite signs” [7]. The classi-
cal and quantum instabilities of these pairs are healed
by coupling the theory with several scalar fields, which
interact with their own scalar charges. These compos-
ite objects with masses having opposite signs provide a
model for massless black holes, but their relation to the
solution of [2] is still unknown. Moreover, there is no
way to achieve zero mass limit of known non-extremal
individual black holes. This violates the cosmic cen-
sor or introduces singular fields, as is the case of the
Reissner-Nordstro¨m (RN) or the dyonic solution for the
Einstein-Maxwell-dilaton (EMD) solution [8].
The massless black holes are not the only misterious
objects in the theory of general relativity. In an attempt
to construct a geometrical model for an elementary par-
ticle which excludes sigularities, Einstein and Rosen [9]
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(see also [10]), introduced the concept of a bridge: a
region in spacetime that connects two separate sheets.
A simple coordinate transformation that is valid every-
where outside the event horizon of a Schwarzschild black
hole is enough to bring the metric into the form of a
bridge. In modern terminology, the bridge is referred to
as a wormhole. But the Schwarzschild wormhole, some-
times called neutral wormhole due to the absence of elec-
tromagnetic charges, is dynamical [11], and it pinches
off so fast that not even light can cross the throat sepa-
rating the two sheets. In other words, the neutral bridge
is a non-traversable wormhole. Einstein and Rosen [9]
also tried to construct a charged bridge by using the RN
black hole, as will be shown later, but this violated the
null energy condition (NEC) everywhere in the space-
time. Matter that violates the NEC is called exotic
matter, and there is no known charged static wormhole
solution that does not require exotic matter to exist.
In 1988, Morris and Thorne [12] investigated
traversable wormholes, which are bridges that would al-
low a human being to cross them. Although quantum
mechanically the energy is allowed to acquire negative
values at the throat of a wormhole, the traversable so-
lutions [13, 14] together with the charged bridge dis-
cussed above require the existence of exotic matter for
them to exist classically. The need of exotic matter
can be circumvented by considering modified theories
of gravity, see [15–19] for instance. The solution of ref-
erence [19] is a stationary traversable AdS wormholes
with NUT parameter, and it is stated by the authors
that a negative cosmological constant can ”hardly” be
considered exotic. A possible type of exotic matter can
be a phantom field, which is scalar field with negative
kinetic energy [20, 21]. Gibbons and Rasheed [22] inves-
tigated the relation between these phantom fields and
zero mass objects, such as black holes and wormholes.
2They discussed Dyson pairs production in the context of
gravity coupled to vector fields and scalars, and showed
that they consist of zero rest mass black holes with regu-
lar horizons. Another interesting and more recent idea,
known as ER=EPR [23], suggests that entangled black
holes are connected by wormholes.
In this paper we study the zero mass black holes of
EMD theory. We discuss how to obtain such mass-
less objects by choosing specific values for the integra-
tion constants of the dyonic black hole solution of the
EMD theory presented in [24]. Unfortunately, the non-
extremal dyonic solution require singular dilaton field
at infinity, although there are intriguing facts about it:
The observables are physical quantities, and we such
the massless black hole to construct static a charged
wormhole, and show that this satisfies the NEC. We
will discuss this in detail.
II. DYONIC BLACK HOLE FOR EMD
THEORY
We consider the EMD theory without a dilaton po-
tential. The coupling to the field strength is inspired
in supergravity models and take the usual exponential
form (for the motivation to consider this theory, see [8]
and references therein). The action is written as
S =
∫
d4x
√−g (R− 2∂µφ∂µφ− e−2φFµνFµν) . (1)
We take units in which (16πGN ) ≡ 1, where GN is the
Newton’s constant. The field strength has the usual
definition, i.e.
Fµν = ∂µAν − ∂νAµ. (2)
The dyonic black hole solution written in terms of inte-
gration constants takes the form [24]
ds2 = −e−λdt2 + eλdr2 + C2(r)dΩ22, (3)
e−λ =
(r − r1)(r − r2)
(r + d0)(r + d1)
, C2(r) = (r + d0)(r + d1),
(4)
e2φ = e2φ0
r + d1
r + d0
, (5)
Frt =
e2φ0Q
(r + d0)2
, Fθφ = P sin θ. (6)
The parameters o the solution are: the electic charge Q,
the magnetic charge P , the value of the dilaton at infin-
ity φ0, and four integration constants, r1, r2, d0 and d1.
This solution is totally free of boundary conditions. The
equations of motion imply that the parameters must re-
spect the relations
(d0 − d1)[(r1 + r2) + (d0 + d1)] = 2(e2φ0Q2 − e−2φ0P 2),
(7)
(d0−d1)(d0d1− r1r2) = 2(d1e2φ0Q2−d0e−2φ0P 2), (8)
(d0 − d1)[−(r1 + r2)d0d1 − (d0 + d1)r1r2]
= 2(d21e
2φ0Q2 − d20e−2φ0P 2). (9)
Some physical quantities are defined in terms of the in-
tegration constants. The dilaton charge, for instance, is
defined as
Σ =
1
4π
∫
dΣµ∇µφ = (d0 − d1)
2
. (10)
Notice that the gtt component of the metric have the
following expansion far from the black hole
gtt = −
(
1− (d0 + d1 + r1 + r2)
r
)
+O
(
1
r2
)
. (11)
In the Newtonian approximation the mass M of the
black hole is given by
(d0 + d1 + r1 + r2) = 2M. (12)
As was discussed in [24], one can solve (7), (8), and (9)
and obtain r1 and r2 in terms of the other constants.
Using the definitions of physical charges (10) and (12)
one can recover the dyonic solution found by Kallosh
et al. [8], which is a well-defined solution in the limit
when the dilaton charge is zero, but not when the mass
is zero. We now show that having the solution written in
terms of the integration constants allows us to construct
massless solutions.
III. MASSLESS POINTLIKE DYONIC
SOLUTIONS
Notice that (7) has the definition of mass (12) in it.
In order to obtain M = 0, we set d1 = −d0 = −Σ and
r1 = −r2 ≡ rH at the same time, and this implies that
directly that
e2φ0 = ±P
Q
. (13)
We will discuss the situations corresponding to each
sign. Equation (8) fixes the event horizons as
r2H = Σ
2 ∓ 2QP. (14)
Notice that the positive sign in (13) implies that we
must take the minus sign in (14). This also respects (9),
which shows consistency with all the equations motion.
3• e2φ0 = −PQ
We choose the minus sign in (13), and discuss the phys-
ical relevance of this choice later. The non-extremal
solution is written as
ds2 = −e−λdt2 + eλdr2 + C2(r)dΩ22,
e−λ =
(r − r+)(r − r−)
(r2 − Σ2) , C
2(r) = (r2 − Σ2), (15)
e2φ = −P
Q
(r − Σ)
(r +Σ)
, (16)
Frt = − P
(r +Σ)2
, Fθφ = P sin θ. (17)
The horizon and singularity are located at
r+ = +
√
Σ2 + 2QP, rS = |Σ|. (18)
Notice that the area of the two-sphere shrinks to zero
at rS . This excludes r− = −
√
Σ2 + 2QP as an inner
horizon, since the angular part of the metric will flip
sign when an observer approaches this region, leading
to problems with causality. The temperature T and
entropy S associated to this object are given by
T =
1
4π
√
Σ2 + 2QP
2QP
, S = 2πQP. (19)
The temperature and the entropy are positive quanti-
ties. Notice also that the dyonic massless black hole
can not become extremal, since this implies that we
have an imaginary dilaton charge. The entropy de-
pends only on the electric and magnetic charges, and
has the same value as the entropy of extremal black
holes of EMD theory with arbitrary dilaton charge and
non-zero mass. When the dilaton charge is zero, we
still have a non-extremal black hole, with horizon at
r+ = +
√
2QP . This shows that, at the critical point of
the moduli space, i.e. Σ = 0, we indeed have a mass-
less black hole solution, which is non-extremal and have
temperature and entropy given by (19).
We see that it is indeed possible to construct a mass-
less dyonic black hole solution for the EMD theory. In
order to do that, we had to fix the dilaton field at in-
finity to be complex. The minus sign in (13) seems
to spoil this solution, although all the physical quanti-
ties are real. Zero mass electrically charged solutions of
EMD theory were discussed by Gibbons and Rasheed
in [22]. These authors obtained massless solutions for
such a theory by flipping the sign of the kinetic term of
the dilaton or the gauge field, or of both terms at the
same time, introducing the term ”anti” to express which
kinetic term has a flipped sign. The Einstein-Maxwell-
anti-Dilaton (EMaD) theory for instance, has a positive
kinetic term in the action for the dilaton, and so on.
The motivation for doing so was based on the Dyson’s
argument [22]: The properties of the theory
− 1
4e2
FµνF
µν (20)
do not depend analytically on the coupling constant
e2. If this was not the case, then perturbation the-
ory around the origin would be convergent in powers of
e2, and also in powers of −e2. For the negative sign,
the particles would attract, destabilizing the vacuum.
As extremal charged black holes behave as charged par-
ticles, the authors of [22] used Dyson’s argument [27]
to study what happens to black holes in theories with
positive kinetic terms. In fact, they construct massless
electrically charged black holes and wormholes for such
theories. Here, studying the dyonic case, we did not flip
the sign of any kinetic term, but the massless solution
introduced, as stated above, a complex dilaton field at
infinity. One can check that it is possible to obtain the
same massless solution with a real dilaton field if we flip
the sign of the kinetic term for the gauge field, which
was the same situation studied in [22] for the electrically
charged case. So, by trying to avoid problems with the
dilaton field we end up transfering the problem to the
gauge field, making it have negative kinetic energy. This
does not come as a surprise. As we will use this mass-
less solution to build wormholes in the next section, it
is worth pointing out that there are other examples in
the literature in which wormholes exist when the fields
have negative kinetic energy, or imaginary electromag-
netic charges. Euclidean wormholes were shown to ex-
ist as solutions to low-energy effective actions in string
theory, whether when the charges are imaginary [25],
or when one of the fields have negative kinetic energy
[26]. Notice also that non-Abelian gauge fields with neg-
ative kinetic energies have zero mass monopoles, as was
pointed out in reference [28]. Our analysis shows that,
even with a complex dilaton field at infinity, this masless
solution seems physically acceptable, since the observ-
ables are real. Our intention is not to prove whether or
not this is the case, but instead, to show that this solu-
tion can be used to construct Eintein-Rosen bridges. As
the scalar field does not seem to be physical, one would
expect that the NEC is not satisfied. We will also show
that this is not the case: NEC is satisfied.
• e2φ0 = +PQ
4This other massless solution is written as
ds2 = −e−λdt2 + eλdr2 + C2(r)dΩ22,
e−λ =
(r − r+)(r − r−)
(r2 − Σ2) , C
2(r) = (r2 − Σ2), (21)
e2φ =
P
Q
(r − Σ)
(r +Σ)
, (22)
Frt =
P
(r +Σ)2
, Fθφ = P sin θ. (23)
The singularity is located at
rS = |Σ|. (24)
The quantities r± = ±
√
Σ2 − 2QP are always smaller
than rS , so this solution represents a naked singularity.
The problems related to the previous case are absent
here, since the value of the dilaton field at infinity is a
real quantity. But still, this massless solution does not
have a horizon, and, as we will see, it can not be used
for the bridge construction.
The massless solution in [2] is written as
ds2 = −
(
1− D
2
r2
)−1/2
dt2 +
(
1− D
2
r2
)1/2
d~x2. (25)
A question that is still unanswered is whether this so-
lution represents the extremal limit of a known black
hole solution. We see that this is not the case for the
massless solutions obtained for the EMD theory.
IV. BRIDGE CONSTRUCTION
Consider the RN solution
ds2 = −e−λdt2 + eλdr2 + r2dΩ22,
e−λ = 1− 2M
r
+
Q2 + P 2
r2
,
Frt =
Q
r2
, Fθφ = P sin θ. (26)
By setting the massM to zero, the solution turns into a
naked singularity, i.e. it has no horizon. The existence
of a horizon is a necessary condition for the bridge con-
struction, so, Eintein and Rosen [9] considered imagi-
nary charges, such that the sign in front of the term
containing the charges squared would be minus. This
corresponds to setting (Q2 + P 2) ≡ −ǫ2, for a constant
ǫ. This solution now has a horizon, and then the coor-
dinate change u2 = r2 − ǫ2 brings the metric into the
bridge form
ds2 = − u
2
u2 + ǫ2
dt2 + du2 + (u2 + ǫ2)dΩ22. (27)
The throat of this charged bridge is at u = 0. But the
matter in this solution is exotic: it has negative energy
density everywhere in space.
We will see that this is not the case for the bridges
constructed from massless non-extremal solution of the
previous section. For the moment, we will take a more
general situation in which r1 = −r2 ≡ r0. Notice that,
by switching to the coordinates u2 = r2− r20, the metric
(3) is written as
ds2 = − u
2
(u2 + r20)
dt2
f(u)
+ f(u)du2 + (u2 + r20)f(u)dΩ
2
2,
f(u) =
(
1 +
d0√
u2 + r20
)(
1 +
d1√
u2 + r20
)
. (28)
This is a genuine charged wormhole solution: It con-
nects one Minkowski space at u = −∞ to another at
u = +∞. The throat of the wormhole is located at
u = 0, and it has radius
Rthroat =
√
(r0 + d0)(r0 + d1), (29)
where d0 and d1 will be determined by equations (7),
(8), and (9). The term inside the square root is positive
when we take the minus sign in (13), and the throat
of the wormhole will always be greater than zero for
|Q|, |P | > 0. Notice that this solution is valid only out-
side the horizon, r > +r0. So, for the full massless non-
extremal solution (15), we must take the minus sign in
(13), and d1 = −d0 ≡ −Σ. The solution is then
ds2 = − u
2
(u2 + 2QP )
dt2 +
u2 + 2QP
u2 +Σ2 + 2QP
du2
+(u2 + 2QP )dΩ22. (30)
At the critical point of the moduli space, Σ = 0, this
bridge is exactly the Einstein-Rosen bridge (27), with
ǫ2 = 2QP . This is due to the fact that Q ∝ −P , which
fulfills ǫ2 ∝ −Q2. The radius of the throat is
Rthroat =
√
2QP. (31)
We see that the charged wormholes in the EMD the-
ory may come from the non-extremal massless dyonic
solutions.
V. NULL ENERGY CONDITION
Unlike the charged wormholes constructed from the
RN solution, we did not need to consider imaginary
charges to achieve (28). This gives some hope that these
charged wormholes do not require exotic matter to ex-
ist. As stated before, exotic matter violates the NEC,
5and we now check whether this is the case in the present
paper or not. We will use the original r coordinate, but
the same analysis can be done using u coordinate, since
the null energy condition does not depend on the choice
of coordinate system. We follow the same prescription
as in [12], and prove our statements for the non-extremal
massless solution (15). Again, taking r1 = −r2 ≡ r0,
the Ricci tensors for the metric (3) are given by
Rtt =
(
r2 − r20
)
2(d0 + r)4(d1 + r)4
[
d20
(
2d21 + 2d1r + r
2 − r20
)
+ 2d0r
(
d21 − r20
)
+ d21
(
r2 − r20
) −2d1rr20 − 2r2r20] ,
(32)
Rrr =
r20 − d0d1
(d0 + r)(d1 + r) (r2 − r20)
, (33)
Rθθ =
1
2(d0 + r)2(d1 + r)2
[
d20
(
2d21 + 2d1r + r
2 − r20
)
+ 2d0r
(
d21 − r20
)
+ d21
(
r2 − r20
) −2d1rr20 − 2r2r20] ,
(34)
Rφφ = Rθθ sin
2 θ. (35)
The curvature tensor is
R =
(d0 − d1)2
(
r2 − r20
)
2(d0 + r)3(d1 + r)3
. (36)
We choose orthonormal basis vectors [12]:
etˆ =
(
(r + d0)(r + d1)
(r2 − r20)
)1/2
et, (37)
erˆ =
(
(r2 − r20)
(r + d0)(r + d1)
)1/2
er, (38)
eθˆ =
(
1
(r + d0)(r + d1)
)1/2
eθ, (39)
eφˆ =
(
1
(r + d0)(r + d1)
)1/2
1
sin θ
eφ. (40)
In this basis the metric coefficients take the form gαˆβˆ =
eαˆ · eβˆ = ηαˆβˆ = diag(−1, 1, 1, 1). Einstein’s equations
take the form
Gµˆνˆ = 8πGNTµˆνˆ . (41)
In our unities (16πGN ) = 1. The components of the
energy momentum tensor are Ttˆtˆ = ρ(r), Trˆrˆ = −τ(r),
Tθˆθˆ = Tφˆφˆ = p(r), where ρ(r) is the energy density mea-
sured by the static observer, τ(r) is the tension per unit
area measured in the radial direction, and p(r) is the
pressure that is measured in the directions orthogonal
to the radial direction. They are given by
ρ(r) =
1
2(d0 + r)3(d1 + r)3
[
4d0r
(
d21 − r20
)
2d20
(
2d21 + 2d1r + r
2 − r20
)
+ 2d21
(
r2 − r20
)
−4d1rr20 − 4r2r20 + (d0 − d1)2
(
r2 − r20
)]
, (42)
−τ(r) = 1
2(d0 + r)3(d1 + r)3
[−2(d0 − d1)2(r2 − r20)
+(4r20 − 4d0d1)(d0 + r)(d1 + r)
]
. (43)
The NEC states that
Tµˆνˆk
µˆkνˆ ≥ 0. (44)
In the same coordinate system, the null vector is given
by kµˆ = (1, 1, 0, 0), and the NEC results in
ρ(r)− τ(r) = (d0 − d1)
2(r2 − r20)
2(d0 + r)3(d1 + r)3
. (45)
Evaluating this for the metric (15), in which e2φ0 =
−P/Q, and d1 = −d0 ≡ −Σ, we have
ρ(r0)− τ(r0) = 2Σ
2(r2 − (Σ2 + 2QP ))
(r2 − Σ2)3 ≥ 0. (46)
This shows that the NEC is satisfied, and the charged
wormhole solution presented here does not require ex-
otic matter to exist. The coordinate system is valid only
outside the horizon, and the only way to saturate the
bound is at the critical point of the moduli space, i.e.
Σ = 0⇒ ρ(r0)− τ(r0) = 0. (47)
The massless pointlike objects presented here are en-
tirely new, and, of course, the charged wormholes
may be understood as a generalization of the charged
Einstein-Rosen bridge, for the case when we include the
dilaton in the theory.
There are many directions in which one may follow
to answer the questions that may have arisen in the
text. The ADM mass for the solutions discussed here is
zero. Negative mass is in general a sign of instability,
but a full analysis is necessary to prove that our mass-
less solutions are stable under small perturbations of
the metric. A topic for a future work is whether or not
the same argument concerning the traversability of the
neutral bridges applies here. It is intriguing though that
the massless black holes solution, with a complex dila-
ton field at infinity, allowed us to construct a wormhole
that satisfies the NEC. As stated in the text, a com-
plex dilaton field at infinity can be avoided by allowing
the gauge fields to have negative kinetic energy. Quan-
tum mechanically, energy is allowed to admit negative
values, but we are dealing with a classical theory. In
6general, a classical theory admiting fields whose kinetic
energy is negative violates the NEC, but here we just
saw a counterexample of such claim. The physical ob-
servables computed here are the temperature, entropy,
mass, electric charge, and magnetic charge, and all of
them are real quantities. The dilaton charge does not
depend on φ0, and this is also a real quantity. The elec-
tric charge appears in Frt as e
2φ0Q, and this is real,
although φ0 is complex. These facts are strong indi-
cations that the solution (15), (16), and (17) is indeed
physically acceptable, but a more careful analysis is nec-
essary in order to make such a claim. This is a topic of
future research.
VI. CONCLUSIONS
In this paper we presented the massless pointlike ob-
jects arising as solutions to the EMD theory. They can
be a massless non-extremal black hole, or a naked sin-
gularity. This shows that massless black holes exist in-
dividually, without the need of coming in pairs. All
the physical quantities comuputed for the non-extremal
solution are real. From the non-extremal solution, we
constructed a static charged bridge and showed that this
satisfies the NEC.
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